We considered an incompressible fluid motion driven by space-dependent body force. For a one-dimensional case, the problem was solved analytically, with the arbitrary choice of body force coordinate dependence. It was shown that unsteady fluid flow can be represented as a series of separate modes, each with its own characteristic response time. The analytical solution was proved using a corresponding numerical simulation.
Introduction
The problem of fluid motion induced by a variable body force has many applications. There are several ways to apply this force to the fluid. One is the nonuniform distribution of particles settling in the container. These particles interact with nearby fluid, initiating its motion. On the other hand, moving fluid exerts a force on the particles and influences their motion.
The literature on the dynamics of suspensions is very extensive and due to the limited scope of this study, it is impossible to cover the topic completely. We reviewed a sampling of studies closely related to the subject of this paper.
There are many studies of sedimentation of spheres in a container, which assume that particles are distributed uniformly in the area no closer than the radius of a particle to the container wall. Close to the wall (closer than a), the concentration of particles is zero, because no particle can be closer to the wall, than its own radius.
Bruneau et al. 1 stated this problem in a simple way: there are two infinitely high walls with particles distributed between them (no closer than a). They discussed only a steady state problem, with noslip boundary conditions, and introduced a zero netflux condition (no net fluid flux through the cross section of the container): cross section 0 wdS = ∫ One reason to introduce this condition is that the purpose of the analytical solution is to investigate fluid motion in a finite real container, where the zero net-flux condition is obviously satisfied. Introducing this condition makes it possible to solve a system of hydrodynamic equations. The authors managed to solve the problem exactly, but assuming (a) the existence of the boundary layer, with constant stress inside, and (b) Poiseuille flow in the inner regions of the container. They obtained the expressions for a fluid velocities on the edge of the wall layer and in the center of the container. These velocities are found to be of the order of 0 Vs, where 0 V is the Stokes velocity of settling particles, and s is a volume fraction of solid particles. In another work made by Bruneau et al 2 , they discussed the same steady state problem in the geometry of an infinitely high rectangular container. As before, they looked for solution as a superposition of constant stress flow and Poiseuille flow. An expression was obtained for fluid velocity inside the container. It was shown that if the length of one side of the container tends towards infinity, then the solution approaches the one for one-dimensional case. The dependence of an intrinsic convection on a suspension concentration was estimated. An accurate description of the intrinsic convection, at moderate and high concentrations, would require an analysis of multi-particle hydrodynamic interactions in the presence of walls.
Beenakker and Mazur 3 studied a possible dependence of sedimentation on container-shape. The phenomenon of intrinsic convection was predicted: an intrinsic, microscopic density inhomogeneity at the container wall causes a macroscopic vortex motion of the mean volume velocity.
A phenomenological theory of this effect, in terms of two coupled velocity fields and an effective boundary condition, was developed by Nozières 4 . The above authors agreed on the following: in order for fluid bulk motion in the container to exist, particles should not be distributed uniformly throughout the container. The difference of particle concentration in different parts of the container results in pressure gradient in the fluid, causing fluid motion.
In this work, we focus on the unsteady large-scale fluid dynamics, and discuss arbitrary spatial distribution of the body force throughout the container. As an example, we introduced Gaussian distribution of body force around the center of the container.
Physical Formulation of the Problem and
Governing Equations We considered a fluid flow between two infinitely high walls separated by a distance 0 L ( Figure 1 ). The fluid experiences body force f , which depends on coordinate x and acts in the z -direction. We do not specify for now the origin of this body force, which acts on the fluid and arouses a motion. We assume the fluid to be Newtonian and use the following governing equations. Conservation of mass:
where f ρ is fluid density, U is fluid velocity, f is a body force, and τ is the viscous stress tensor for a Newtonian fluid defined as:
Initially, fluid is assumed to be stationary. Below, we investigate Gaussian distribution of body force around the center of the container 00 2 xL = . Therefore, distribution function is seen as:
where the parameters are 00
). The vector of body force is
, where f is the magnitude of averaged body force. It is obvious that fluid motion will occur only in the z direction. In onedimensional case Equation (2) can be rewritten as:
with initial condition:
and with boundary conditions:
Furthermore, we introduce one more condition by requiring a zero fluid flux through a cross-section of the container:
Later, we solve this PDE analytically. The governing equations can be nondimensionalized with respect to the following quantities:
2 00
It is easy to see that pressure p is a linear function of the z coordinate. We can, therefore, introduce a non-
as follows:
and a zero fluid flux condition:
Here, the distribution function is:
Later, we omitted the tilde sign for non-dimensional parameters.
Analytical Solution of the Steady State and Unsteady Problems A. Steady state case
We write the governing equation as:
with boundary conditions:
We seek a solution as:
Substitution of (20) into (17) will result in: 
We use a zero net-flux condition (19): 
where ( ) st wx is a steady state solution found in (25). We also have the following conditions:
( )
The solution of (28) has the general form of: Applying boundary conditions, we come to an expression for n λ :
This equation gives us two sets of solutions:
The first ten solutions n λ of Equation (35) 
where coefficients n C are given by:
We can also introduce non-dimensional response time parameters ( ) n x ϕ is chosen to be equal to unity in n-th node and equal to zero at all other nodes. Nodes are chosen to be equidistant. Using this approximation, from (12) we obtain the following linear system for node velocities n w :
Here we used the following notations:
Zero net flux condition implies:
or, in other words: 
with zero initial condition:
(61) This system can be simulated using numerical methods. To solve this problem numerically, we used 200 and more inner nodes between the walls. Unsteady fluid motion can be described in two ways: analytically with (45) and numerically with (60) -(61). Results obtained using both methods proved to be in a very good agreement. In Figure 2 , we plotted flow profiles at several consecutive time moments. We also calculated the eigenvalues n µ of matrix A and compared them to those found analytically. Table  3 shows the eigenvalues of matrix A . Comparison of these eigenvalues with those in Table 2 shows a discrepancy in the first ten eigenvalues of no more than 0.25%. This discrepancy increases with the eigenvalue number and is explained by a numerical error. Table 3 . Eigenvalues for velocity, obtained numerically.
Conclusions
We investigated the fluid motion driven by xcoordinate dependent body force in a onedimensional case. Analytically, solution of the problem, the flow field, was obtained for unsteady and steady state cases. As for time dependence of fluid flow, fluid velocity was found to be the superposition of specific modes, each exponentially decaying with its own characteristic time. These times were found by solving a transcendental equation. The Finite Element Method was used for verification of analytic results. The numerical results for eigenvalues are in good agreement the ones found analytically. The discrepancy was decreasing with refining the accuracy of numerical method by using more detailed meshes. Numerical investigations for flow field were performed and numerical results agreed well the analytical ones found earlier.
